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Outline

• internal radiative correction: 
     elastic peak, elastic tail, tail for continuum spectra
• external radiative correction; 
     elastic peak, elastic tail, tail for continuum spectra
• total radiative correction formula; 
• packages: XEMC, RadCor
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Inclusive electron scattering

Radiative correction:
1. external: straggling effect due to ionization and bremsstrahlung(external) when 
electrons pass through the medium before and after the scattering;
2. internal: bremsstrahlung during the collisions and virtual photons;
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Inclusive electron scatteringInclusive electron scattering

elastic peak

resonance

DIS

continuum spectra
discrete state
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Internal radiative correction

1. elastic peak radiative correction
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[1]. Y.S. Tsai, Phys. Rev. 122, 1898 (1961);
 [2]. L. C. Maximon, J. A. Tjon, Phys. Rev. C 62, 054320
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2. radiative tail

Internal radiative correction

four momentum of the final hadron system;

four momentum of the photon emitted;

pf

k

u2 = (pf + k)
2 ≥ pf

2 ≡ M f
2missing mass:

the radiative rail from the lighter Mf can affect the measurement of 
heavier Mf, but not vice versa.

radiative correction for inelastic:
1). subtract the elastic radiative tail;
2). calculate the radiative tail to the continuum spectrum;

invariant mass of the final hadron system;M f
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1). radiative tail from elastic peak
a). Exact formula:

d 2σ r

dΩdp
=

α 3Ep

(2π )2MEs

ωd(cosθk )
2q4 (u0 − u cosθk )

BµνTµν dφk
0

2π
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∫

contains elastic form factors

Internal radiative correction

b). angle-peaking approximation

Ep <
1
3
Epmax

• use approximation when calculating the angular integration;
• the emitted photon is most likely in the direction of incident or outgoing electron;
• It saves a lot of time. But when                  , the peaking approximation can be in 

error as much as 30 to 40%. Exact formula must be used when energy loss is 
large.

It includes the integral over all angles for the emitted photon.

L. W. MO and T. S. Tsai, Rev. Mod. Phys. 41, 205 (1969), Appendix C;
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2). radiative tail for continuum state

Internal radiative correction

d 2σ r

dΩdp
(ω > Δ) =

α 3Ep

(2π )2MEs

d(cosθk )
ωdω
2q4Δ

ωmax (cosθk )

∫ Bµν
c Tµν dφk

0

2π

∫
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∫

ω = 1
2
(u2 −M f

2 ) / (u0 − u cosθk )
contains structure functions

It’s impossible to know                             for all continuum spectra, so angle-peaking 
approximation is used to derive an approximation expression.

F(q2,M f
2 ),G(q2,M f

2 )

F(q2,M f
2 ),G(q2,M f

2 )

L. W. MO and T. S. Tsai, Rev. Mod. Phys. 41, 205 (1969), Appendix C;

Pion th
reshold

Es

Elastic
Ep

constant Mf: invariant mass of final 
hadronic system

• elastic tail is already subtracted; 
• continuum spectra is considered as a sum of many discrete 
states and is calculated by integrating with respect to Mf2 from 
pion threshold
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Equivalent radiators method

Internal radiative correction

The effect of the internal bremsstrahlung on inelastic scattering is equivalent to 
placing one radiator before the scattering and another radiator of the same 
thickness after the scattering. 

The thickness of each radiator is equal to: 

The equivalent radiator will be added to T(target length), when doing straggling effect 
correction.

L. W. MO and T. S. Tsai, Rev. Mod. Phys. 41, 205 (1969), part III compares these approximations with the exact
formula. Basically, both approximations work well when near the peak. Since the radiative tails from an inelastic 
events affect only its immediate neighborhood, these approximations work very well.
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Straggling effect 
When passing through the target, electrons will lose 
energy due to ionization and bremsstrahlung. The 
amount of energy loss is not equal to the mean value 
but has statistical fluctuations. 

the probability of finding an electron in the energy interval between
E and E+dE at a depth t (in units of radiation length)

I(E0,E,t)dE

measured cross section due to straggling effect:

cross section including internal radiation

External radiative correction
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Straggling effect 

By energy peaking approximation:

radiative cross section for discrete level:
only consider bremsstrahlung, 
ionization will be included later
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T. S. Tsai, SLAC-PUB-848 (1971), Appendix B;
can be calculated from Moller cross section

assuming that the scattering take place exactly at t=T/2, then the radiative cross section 
for a discrete state is:
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Total radiative cross section

After including the effects due to the ionization and the internal radiative correction,
the radiative cross section for the elastic peak is:  

1.elastic peak:

T. S. Tsai, SLAC-PUB-848 (1971), Appendix C;

1Integrate        around the elastic peak

T. S. Tsai, SLAC-PUB-848 (1971), Chp 2
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Total radiative cross section

1

2. radiative tail from elastic peak:

After including the effects due to the ionization and the internal radiative correction to        ,
the radiative tail from elastic scattering can be obtained.  

Since the internal radiation can be exact or approximate, there are two formulas can be 
used for the elastic tail, which can be found in Phys. Rev. D 12, 1884 (1975), Appendix A

3. radiative cross section for continuum spectra:
• elastic tail has been subtracted;
• It’s regarded as a sum of many discrete states; 
• It’s calculated by integrating        with respect to Mf2 from pion threshold along lines a to c 

and b to c:

Pion th
reshold

Es

Ep

a

b

c

2

T. S. Tsai, SLAC-PUB-848 (1971), Appendix C;

1
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Total radiative cross section

②. adding two external radiators to approximate the shape of internal bremsstrahlung, 
each of thickness tr, one before and one after the scattering.;
• Ionization;

The radiative cross section for continuum spectrum is:  

• Internal radiative cross section:
①. use the angle peaking approximation for      : 

σ r (Es ',Ep ') = F(−2s '⋅ p ',T )σ Born ≡σ
eff (Es ',Ep ')

σ r

sum of the vacuum polarization and vertex correction

a correction to the angle peaking approximation

Schwinger correction

b(T/2+tr)

effective nonradiative cross section
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Total radiative cross section
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1. elastic scattering: correct the elastic peak; 
2. quasi-elastic & inelastic scattering:   
1). calculate elastic tail and subtract it from measured cross section; 
2). the radiative cross section can be expressed by:

Summary:



Total radiative cross section

folding formula:

• Simulation
•   fit structure function from existing data;
•   calculate Born cross section from structure function
•   calculate the radiative cross section (then compare with measured cross section)

• Unfolding data

L. W. MO and T. S. Tsai, Rev. Mod. Phys. 41, 205 (1969);
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XEMC

Input: Es, Ep, theta

1. Correct Ep: Ep in radiative cross section formulas should be the measured Ep

subtract the energy loss due to the ionization and bremsstrahlung in materials   between 
target and spectrometers; (windows before and after magnet)

2. Born cross section for DIS (deep inelastic scattering) and QE(quasi-elastic 
scattering):
     DIS:  F1F209.f                              F1, F2

     QE: y-scaling model;

3.  Elastic tail: (Phys. Rev. D 12, 1884 A62)               tail 
4.  Quasi & DIS tail: (Phys. Rev. D 12, 1884 A82)                cs_qt   
5.  Radiated cross section: cs_Final = tail+cs_qt;

Q2<10 GeV, W<3 GeV ( dσ
dΩdEp

)B =
dσ
dΩ

⎛
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⎞
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W2 + 2 tan
2(θ
2
)W1

⎛
⎝⎜

⎞
⎠⎟

W1 =
F1
Mp

,W2 =
F2
νdifferent  kinematics 

use different packages
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RadCor

• Extract born cross section from data measured cross section 

1. Calculate elastic tail (Phys. Rev. D 12, 1884 A62) and subtract it from measured 
cross section; 

2. Extract born cross section from quasi-elastic & inelastic tail formula:

we want

1). input file: Es, Ep, Theta, XSmeasured(elastic tail is already subtracted); 
2). for same Theta, using the XSmeasured as              , and get               ,               by 
interpolation; 
3). get               by using the formula above; 
4). use the new table of               as the input table, and repeat 2), 3); 
5). terminate the iteration when 

we have

σ q (Es ,Ep ) σ q (Es ',Ep ) σ q (Es ,Ep ')

σ q (Es ,Ep )
σ q (Es ,Ep )

σ q −σ measured

σ measured

⎛
⎝⎜

⎞
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< 0.01&&
σ q −σ measured

σ measured

⎛
⎝⎜

⎞
⎠⎟ max

< 0.02
⎛

⎝
⎜

⎞

⎠
⎟ ||

σ qnew −σ qold

σ qold

⎛

⎝⎜
⎞

⎠⎟ avg
< 0.01
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