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Abstract:

The feasibility of using Mgller scattering to measure the absolute value
of the beam energy to ~ 107* is discussed. The small emission angles typi-
cal in Mgller scattering of high energy beams imply the need for very precise
measurement of the particle angles. One of the primary limitations of this
method arises from the effect of motion of the bound target electrons which
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Physics research programs for electron accelerators under construction or al-
ready operating require a high level of precision in beam energy measurements.
In particular, for some of the experiments to be carried out at CEBAF (1] the
absolute value of the beam energy E, must be determined with an accuracy of

AEo/Ey ~ 104,

Several ways can be suggested to solve this problem (see, e.g., (2,3]). Here, we
consider the possibility of determining E, by means of Mgller scattering (elastic
scattering of beam electrons on free target electrons) [4].

From kinematics of electron—electron scattering it follows that the sum
a =tané + tanfpg, (1)

where § (fr) is the laboratory frame angle for the scattered (recoil) electron,

reaches its minimum
5 2m (2)
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at the center-of-mass (cm) angle 6., = 90°, when § = §g. In principle, by
measuring ap one can determine E, with an accuracy
AEQ _ Aaé (3)
Eo - C)Lb'2 ) |

With this technique, errors due to the beam size and angular spread of incident
electrons are completely or to a great extent eliminated.

In the idealized case of a monoenergetic beam and an infinitely thin target,
the distribution of events in « is given by the expression

d’c o do o
dadp "~ dQem o?
where do/d().p, is the center-of-mass Mgller cross-section, and d¢ is the differential

azimuthal angle. Under these conditions the uncertainty in the minimum value of
o is the only systematic error (see Eq. (3)).

(a® —a2)™? (4)

For 8., = 90° and for ultra-relativistic (v = Eo/m > 1) electrons, aq is
approximately equal to the opening angle in the laboratory between the recoil and
scattered electrons: aq = |0| + [#g]|. In this case aq 1/./7, and a 10™* measure
of the beam energy requires measurement of the opening angle to 5 x 107, For
example, with a 4 GeV beam and .., = 90°, both electrons emerge at 0.92°. The
opening angle is then 1.84° and must be measured with an accuracy of 1.6urad
for a 10™* determination of the beam energy.

However, in reality the distribution of events in « can considerably differ from
that given by (4) due to the motion of electrons bound in target atoms, the energy
spread in the beam and multiple Coulomb scattering.
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Figure 1. The interaction of an electron with a target atom.

In order to estimate the role of the first of these effects, let us consider the
interaction of an electron with a target atom (see Fig. 1). As a result, the scattered
and the knocked out electrons have energy (momentum) equal to E'(p’) and Eg
(Pr) respectively, whereas the recoil ion gains the energy
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E2_1=ﬂ/fz—ﬂ/fz_1—-m+lEn[+—, (5)
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where Mz is the mass of an atom (ion) with Z electrons, E,, < 0 is the binding

energy of the electron being knocked out from the atom, and P is the momentum
of the recoil ion. Then for the sum (1) one has:
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Here s = (E'+ Eg)? —(p' +pr)? is the invariant energy of the final-state electrons
squared and 6., is the angle of the scattered electron in the frame moving with
the velocity

p' + PR
E' + ER-

T =

(3)




For our purposes it will be convenient to represent s as
8 = 8p -+ AS, (9)

where sq = 2m(Ey + m) is the invariant energy squared for two free electrons,
with one of them being at rest and the other having the energy F,. Taking into
account energy/momentum conservation (see also Eq. (5)):

P2
E E,.=F +Frp+ —— 10
o+ m+ +~ LR Mg, (10)
Po=7"+pr+ P, (11)

with po being the incident electron momentum. In the ultra-relativistic limit one

finds:

Since in this case

S0 0 S0
and

Ey+m—FE'— FEp |E | < |As|max
E'4+ Egn Ey S0

then for angles 8., close to 90° one can write

C!2=

(1 + As/sg), (13)
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where oy is determined by (2). Thus the corrections due to the binding and the

intra-atomic motion of target electrons can be approximated by the extra-factor
of (1 + As/sq) in the expression for a?.

In order to estimate quantitatively the influence of these effects upon beam
energy measurements, let us turn to the simple model, in which the cross-section
of the process shown in Fig. 1 is represented as

e s d*c
- - 3 do 14
dadd 2E0Edad¢(p)p(p) P (14)
E=/p 3,
with the momentum density of intra-atomic electrons

1
47 p?

p(p) = = D Nablp — \/2mE,). (15)

Here do(p) is'the Mgller cross-section for scattering on an electron moving with
the momentum p, and N,, is the number of electrons in the n-th atomic energy
level. In our consideration we neglect the final-state interaction, assuming

P=-p (16)




Furthermore,
s  d%o do dcosO.m
p ) =z 0 .
2E.E dadd P~ 0m VT da

Then, integration of (14) can be performed analytically, and we obtain

d?a’
VA - = Th 17
dadd 2; (17
with
a'n_—.o’ az—aég—anubn
do af /o —al+a,+bs
On =2 —N, 9 , —an, — b <ot —at < —ap + by
dQem o b ’ ™ 0=
do o} No 2 2
on =4 — - , o —af > —an+b,
" dQlem o -\/az—a§+an+bn+\/a2—ag+an—bn 0
where

En

| Ia%, bn = V/2E,/m af.

m

The results of the calculations for iron and hydrogen using the above relations
are presented in Fig. 2 and Fig. 3 respectively. The solid lines are the values of
Zag(d?a' [dadg)/(do/dQen) plotied against (o — ag)/ao; the dotted lines are the

corresponding calculation for an unbound electron (according to Eq. (4)). The
energies F, were taken from Ref. 5]
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It is seen that the effects of binding and intra-atomic motion of target electrons
essentially distort the “idealized” distribution (4). This result is a consequence
of relativistic kinematics. Namely, in the ultra-relativistic limit the compression
factor v corresponding to the transformation from the laboratory to center-of-
mass frame of the two interacting electrons appears to be sensitive to even small
fluctuations of the velocity, |7]. In our case, such fluctuations result from the
motion of electrons bound in the scatterer atoms.

In order to minimize the effects of binding on the angular distribution of the
final state electrons, one could choose a hydrogen target, which has a relatively
small binding energy and for which calculations should be more reliable. Taking
|P| = v2mE,, and E, = 13.6 eV, momenta of order 3.73 KeV/c result. In this

case the second term in Eq.(12) dominates and we have:

P
As/sg = il cos(f5,.5)-
TTL

From Eq.(13), we have for 0., = 90°:
Ao®/af = As/sg.
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Figure 2. Angular distribution for iron based on calculation described in the text.
The solid line includes the effect of binding and intra-atomic motion in the target whereas
the dashed line i1s the result assuming the target electron is unbound.
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Figure 3. Same as Fig. 2. except for a hydrogen target.




Finally, from Eq.(3), AE,/Ey = Aa?/al? so that

AEy/Ey = ] cos(0z,.5).
m

There will be a distribution of momenta, both in magnitude and angle, which will
give rise to a spread in the deduced value of E,. Taking the coefficient of the cosine
in the above relation as a measure of this spread, we find for [P | = 3.73 KeV/c,
AEy/Es ~ T x 1073, Therefore, the effect from the bound electron’s motion is
~ 70 times larger than the accuracy requirement of 10~*. Although, in principle,
one can calculate the distribution for hydrogen, it seems unlikely that the required
accuracy can be achieved.
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