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1) Goals of statistical analysis in collider physics
| Statistical inference

2) Hypothesis testing
3) APEX as an example

' Probability model and likelinood function

' Profile likelihood ratio

I Confidence interval from hypothesis test

I Look elsewhere effect

I Limit setting, with preliminary expected projected results

4) Other methods
5) Summary
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. . . . . . Center for /
Goals of Statistical Analysis in Collider Physics Cosmology and ‘%’

We performed an experiment and we made some measurements

I Ostensibly, we did this for a reason, such as to
* Measure a property (cross section, mass, etc.) of a known particle
- Discover a new particle (pentaquarks, , etc.)

~ Set limits on something, e.g., the cross section of an undiscovered particl
IS, we didnOt see it in a certain mass (or some other observable) range, ¢
cross section (based on some model) must be less than X

' We want to make a quantitative statement about the relationshij
between the experiment we conducted and the thing we set out
measure (or detec» statistical inference

- 10II focus on discovery and setting limits
" In those two cases, we want to answer

¥ Did | discover something or not, and how can | demonstrate this?

¥ What are the upper and lower limits on ____ of the particle | was lookin¢
 Both of these involv@ypothesis testingandconfidence intervals
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. . Center for (/
Hypothesis Testing =T

We start with a probability model»  likelihood function

I Likelihood of what? Likelihood that the data set corresponds to
model parameters;

' WeOre actually testing hypotheses,  (null, SM, background-o
andH, (alternate, new physics, etc.)

Test statistic: A real-valued function that summarizes the data in a
relevant to the hypotheses being tested

' Neyman-Pearson lemma: The test statisticrinatmizeshe
probability of acceptingH, wheaHd, Is true, for a fixed CL, Is
L(Xx | Ho) which can be generalized ta_(x | ! o)

L(Xx | H1) L(X | !pest)
| Separate parameters into
* Parameters of interest (physics parameters: mass, # signal events, etc.)

* Nuisance parameters (everything else: background shape, etc.)

* Nuisance parameters = systematics; we must deal with them somehow
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Center for

Hypothesis Testing Cosmology and

Want a test statistic that incorporates the nuisance parameters
» Profile likelihood ratio

L (X ‘ ero,ﬁlu)
L(x | ®,8)

W
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. . Center for /
Hypothesis Testing Canmoly oo ‘%’

Want a test statistic that incorporates the nuisance parameters
» Profile likelihood ratio

Parameters of interest (POI

set to values for Ho @
L (x ., )
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Center for

W

Hypothesis Testing Coomologyand Y
Want a test statistic that incorporates the nuisance parameters
» Profile likelihood ratio »
~—— Conditional MLE of
Parameters of interest (POI __ nuisance parameters
set to values for Ho (e, for !, =!,9)
L [0/ )
L(x | 8,8) )
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W

Hypothesis Testing Coomologyand
Want a test statistic that incorporates the nuisance parameters
» Profile likelihood ratio .
, ~—— Conditional MLE of
Patritmetfrs 01; m‘ﬁrest (POI), —~ T nuisance parameters
set to values for Ho 1 T @ (i.e., for I, =10)
)\ _ (X ‘ \ rOﬂ V)
— T =~
L (X ‘\@/’ 4’)/)
MLE of nuisance
MLE of POI — \ parameters
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Center for

Hypothesis Testing Cosmology and
Want a test statistic that incorporates the nuisance parameters
» Profile likelihood ratio .
~—— Conditional MLE of

Parameters of interest (POI), —~ - nuisance parameters

set to values for Ho A ) @ (i.e., for I, =1,0)
)\ — L(X ‘\QI’OJ V) r r
m mn
L (X ‘\@%J’ 6?/)
MLE of nuisance
MLE of POI — ™ parameters

W

- A good choice: ItOs the maximum likelihood undeH#has a fraction of its

largest possible value; large valued of indicateHlbdt reasonable

' And, via WilksOs Theorem, under certain conditio@dpg !
asymptotically distributed as! a  with #d.o.f. = # POI

* We can use it to calculate p-values and confidence intervals

LetOs look at a concrete example: APEX
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Center for /
APEX Example Cosnoogy and (?

APEX Test Run, 2% of data

e =
o u
o O

Analysis of APEX raw data
— invariant mass spectrum

W
a1
o
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I We want to £

| Lo o by o by v by gy by el b g, e
120 140 160 180 200 220 240 260 280 300
Invariant Mass (MeV/c ?)

| ) Identify any statistically significant excesses in spectrum

o

¥ Search for small peaks of widths  mass resolution
* 1) Set limits orA" cross section, which scales%as "' /"

¥ Determine range in cross section !(6r ) of hypothetical narrow resonance
consistent with observed spectrum

I Spectrum of background-onlyHy (null hypothesis)
I Spectrum with significant small pealkz (alternate hypothesis)
I We first determine a probability model
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APEX Preliminary Probability Model and Likelihood Function Cosmology and (?’

Particle Physics

SaN(Mg+ ¢ | Ma*,0) + B aPolynomial(me- ¢ , &
P(Merer | Ma",0,5,B,ai) = (Mer ¢ | Ma”, 0) y al(Mme: ¢, a)

S+ B

'N Is a normal / Gaussian i - P e
probability distribution - o gt W

. i m e
' Background shape given .t 4 LY
by polynomial with . - f N
CoeﬁICIentsal j:ocf T30 Tr0 "o 180 200 220 0 60 8 éoo 50;;“ T80 Te0 " E00 20 '2250' - 'zéo' - '2)10' - '250

I For a set of data, we get a spectrumigf ¢ , our probabillity |

becomes dikelihood functionas a function of our model paramete
and for a fixedina, and , we form refile likelihood ratio :

L(S, B, &)
L(9,B, &)

* A single (double) hat means an unconditional (conditional) MLE

1(S) =
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Center for ((//

Profile Likelihood Ratio SE |
For APEX weOre scanning along the mass spectr A e

so foreach fixed mass and width hypothesgis L (S, @, ﬁ)
performtwo fits of our model to the data, one for tt ! (S) - TR TR
conditional MLEs (where we fix S = 0) and one fol L (Q’ 9’ a))

the unconditional (letting all parameters float)
ma- = 230 MeV/c ?, Pxec
Toy model based on APEX 2% test run spectrum with HUGE atrtificial peak inserted, for illustration purposes I =2 MeV/c 2 bxec

NQ a00[— o 400[—
> C { > C
2 ! % @ } ! {
= 0l [ | Al = ol 1[4l
Sk gl e o F hiosgi .
2 f ! Ly Pq 3 IR R ! [
S 30— 7 2N S 00 ; N A
o b % H+ A % o Fil % % 3 !
© r # N } O ’
250 — p 250 — ]
N ! ) + N ]
- / ., C b/ x
200— ] % . 20— I % )
: /I n i! : ’ 4 - S . i.'|
150:— i L(S — O ; §7 ﬁ) h‘g‘pt 150:— i L(Q, @, @) }‘.‘:
IV‘ b:h :‘ P:I,'
1007 ‘ 100 17 )
I . b/ I L. b, Ry
(- Background-only model before fittin g 0 [ ------ Background-only model before fittin i
“E'| —— Fit of model to data with S = 0 ®C| —— Fit, all parameters floating
:IIII|IIII|IIII|IIII|IIII|IIII|IIII|IIII :IIII|IIII|IIII|IIII|IIII|IIII|IIII|IIII
170 180 190 200 210 220 230 240 250 170 180 190 200 210 220 230 240 250

Invariant Mass (MeV/c ?) Invariant Mass (MeV/c ?)
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Profile Likelihood Ratio

Center for
Cosmology and

W

Particle Physics ’
Once weOve done this, we have our t ,
statistic (' 2 log! ), and for a desire —2log A(0) ~ x5,
confidence level (e.g., 95%) we simply
read off the upper and lower limits on .
that correspond to the appropriate taill
a ! distribution =
S A (t=19) N iI
—2log A(6)
@ e e e e e e e o
95%
confidenc
Interval
D
\J
L
| > We performed a hypothesis test and ended up

Fixed mzﬁ;s hypothesis I A

with a confidence interval! (1-to-1 relationship)

K. Cranmer
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Putting it All Together: Full General Procedure
True point: Ma: = 222.8 MeVic? S =200
hToy model: Coincidente ‘e pairs |

Toy model: Coincident e'e” pairs | /
., 30000
= X c-a....
g 5000 .
g e g N
c ‘oo,
3 20000
3 A "’""-.._.’ —_|

15000

Hypothesized mass

10000

5000

fo0 =190 500 2M0. 220 230 4o 80360

\ T // Invariant Mass (MeV/c?)
Scan along mass; look for excess
consistent with mass resolution

h 8000

Significant excess dtue point

S =0is not in confidence
interval, i.e., excess is no longer
consistent with background
fluctuation

Center for
Cosmology and
Particle Physics

23000 —

Counts/0.8 MeV/c ?

et
218 218

e L NA L
220 222x224

S = # of signal
events above
background

1 1 I 1 1 1 I 1 1 1
226 228 ]
Invariant Mass (MeV/c %)

Toy model: confidence intervals and significant peak

¢n 12000

10000

6000

4000

2000

Calculate 95%

confidence
interval in S

180 190

200 210 220

230 240 250 260
m,. (MeV/c?)

W
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Searching for a Resonance: Example Based on APEX Test Run Daggrose (?’

le Physics

Resonance searghnactice example

1 2% of APEX test run data I Assumption of a mass resolution not

' No optics analysis realistic for this spectrum

1 CouldnOt possibly see a significant peak;
just a practice example

Example scan of limited APEX test run data sample, 95% CL, I =2 MeV/c?

¢n 1000

4 .
900 Practice example peak search on 2&& of

APEX test run data

Width hypothesis (purposely unrealistic)
2 MeV/c?

95% CL
500 fg - /

400 f

800

700

600

No excessconsistent with
background fluctuation, a
expected from practice
spectrum

300}

200}

100}

/

m, (MeV/c?)
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2 Center for /
Confidence Intervals (?

Particle Physics

But what does 095% CLO mean?
I Frequentist coverage

" In a large ensemble of identical experimentsjiberval we calculated will
coverthetrue value of the parameter 95% of the time

Toy model: confidence intervals and significant peak

o 12000 * The interval i1s a function of the
data, which is random:; thus, the
Interval will fluctuate from
experiment to experiment

10000

8000

6000

4000

* NOTE: This is not the same thing
as a Bayesian Ocredible intervalC

2000

[ |
1080 190 200 210 220I 230 240 250 260
m,. (MeV/c?)
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Center for /
Look Elsewhere Effect Cosmology and ‘%’

Mass-scan (or Oraster scanO) approach has a consequence

» Each s, hypothesis equally likely
! must penalize CL by trials factor

» That is, because we~C~)re testing the null hypothesis multiple times ove
full mass range, weQnereasingthe likelihood that weOll find a resonal
atsomemass value; we must degrade the significance of any peak

(p-value I p-value" mass rangéresonance WidtD

Equivalently, Shiftthreshold\ / \ / \/ \/\/ \

Equivalently, shift CL i \/

p-va

-
Q

1 =2 MeV/c?
uncorrected p-value

Note: This degradation of significance is on

relevant for théower limit on our parameter of i uncorrected 2" threshold
. . . . I I corrected 2" threshold
Interest §); a significant peak means tiat O is 3
not contained in our confidence interval

102

Setting limits doesnOt pay for look-elsewhere... "%i70 18050 200 210" 220 ﬁf(ﬁi?,/f)so
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I I I Center for /
Setting Limits: General Procedure S ‘%’

Toy model: Coincident e ‘e pairs |

W

| Toy model: Coincident e*e” pairs |

) aoooo: | " 26000 —
- - > | .
g ¢ *‘"‘-.... 2 S=# of signal
o 00 s & 25500 events above
R T 2 background
%20000_— % § i ac groun
(@] C . \ o |
- Hypothesize a 26000~
15000 — . |
- Gaussian resonance of i
mooof_ fixed mass and width, ** Find range of
- €.0. mA' =204.3 MeV/c - consistent with data .
5000 — G =2 MeV/C 24000 — ,_}"_:{L ‘
:I o v v by v v v b v by oy s vy v by :. N | N N N | N N | N
180 190 2007% 210 220 230 240 250 260 198 200 202 20X 206 208
Invariant Mass (MeV/c ?) Invariant Mass (MeV/z?)
Toy model: Upper bound on € Toy model: confidence intervals
mlO"‘ = oy 12000 3
S - Calculate 95%
- Rawupper bound on S L0000l :
- > - confidence
10° I C i ' .
- ! upper bound & b uintervalin S Do this for
] - each mass
10° w 6000__ point; creates
- an exclusion

4000 band
107 g One z/\\
E more 2000
i (END) Step..
10356 =""100 500510 o0 a0 ag e 180160 20075 210 220 230 240 250 260

180 190 200 210 220 230 240 250 260 <
mevevic) RS m, (Mevic?)
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W

APEX Limit-Setting Procedure -- Preliminary Comoogyan
Raw upper limit on S yields an upper limit bn
[ 2 _ Sim F(mar) "m  2Neg#
1“(Mmar) =
' m = mass window = 2.56! " | = width of Gaussian = 0.7 MeV/c?
Background factor- = 5 Nerf = 1
2.56! 1 ="m
*
\j/ E Ssm = 80% of area of Gaussial
I i = 0.8 X Siot
| a Bom T
1IN g
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Preliminary Model of APEX Test Run: Expected Results Seroisg an (?’

Particle Physics

Preliminary background-only model of APEX Test Run:

Expected Limits on Number of Signal Events, S EXpeCted ||m|tS ()rS and eXCIUSiOn
= sensitivity in = "'/"  based on

00E " Expected Upper Limit background-only preliminary model
4000F- - .

; Expected Lower Limit from limited sample of test run data,
3500F .
ook 95% CL scaled up to full statistics of the test

o 1 =0.7 MeV/c? )
25005 run, I.e., 1.44 M events
20002—
15003_ Preliminary background-only model of APEX Test Run:
1000;— Expected Upper Limit on 62
500M% 107

1%0 180 190 200 210 220 230 240 250 E 95% CL
m,. (MeV/c?) sk 1 =0.7 MeV/c?
: F=5
] 10° i\\\ //
! (mA!) = .
Bim Ma ! 3% 10_7'_ Preliminary estimate
W N B B T BT DU

170 180 190 200 210 220 230 240 250
m, (MeV/c?)
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Particle Physics

Other Methods Commoioy an (?’
We can always get coverage by construction
I Neyman Construction ensures this
* Feldman-Cousins method
" More computationally intensive; must build up full distribution of test statit

I Methods based on profile likelihood ratio are quick and work

very well % = true point
[] = 2D Feldman-Cousins scan; ~ 1 hour

" Implemented in RooStats
@ = 2D contour based on profile likelihood ratio; <1 s

— — 200
I F 180
o 14— C
g [ 160—
> B C
w12 - 140
101 120
Nl 34 100~
- 'Y * To 80 :_
6 :u ¢ ® L r
: [ ] ([l X ] ® 9 |9 [ ] [ ] 60 :_
afil =
40—
2 . 20—
B _ 1 I 1 1 1 I 1 1 1 I 1 1 1 I 1 1 1 I 1 1 1 I 1 1 1 I 1 1 1
00 50 100 150 200 250 300 350 400 450 500 0 160 180 200 220 240 260 280 300
mass mass
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Center for (/
Summary St

Quantitative statistical statements about discovery and limit setting can
made via hypothesis testing and confidence intervals

I A good choice of test statistic for hypothesis testing that incorporates
nuisance parameters is the profile likelihood ratio

' Used for the preliminary model for APEX

Discovery searches using the mass-scan approach must account for the
elsewhere effect

I Penalize by trials factor
Limit setting results from determining a confidence interval
' For APEX, upper limit ors —» upper limit orl ?
Other approaches possible; ultimately use several methods and compar

Some resources:
» F. James, Statistical Methods in Experimental Physics, 2nd ed., World Scientific, 2006
» L. Lyons, Statistics for Nuclear and Particle Physics, CUP, 1986

» http://videolectures.net/cernacademictraining09_cranmer_stpp/

APEX at NYU: J.B., Kyle Cranmer
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Statistical Inference -- A Little Background (?’

Three approaches

' Frequentist: P(data | theory)
* The data set is considered random
- Coverage, p-values, confidence intervals
' Bayesian: P(theory | data) P(data | theory) P(theory)

- Seems like the actual question we want to answer, but it requires a prior |
the theory, which has no meaning from a frequentist standpoint

I Likelihood-based

- Likelihood Principle: The likelihood function contains the full information
relative to the parameter

¥ Frequentist calculations (p-values, confidence intervals, etc.) violate th

* But we can still use likelihood-based methods tcag@roximatefrequentist
results
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RooStats

T ¢

Class Index

Class Hierarchy

Quick Links: ROOT Homepage
ROOT » ROOFIT » ROOSTATS

RooStats::Confinterval
RooStats::HybridCalculatorGeneric

Interface for Confidence Intervals

RooStats::HybridResult Class containing the results of the HybridCalculator
RooStats::HypoTestCalculator Interface for tools doing hypothesis tests
RooStats::HypoTestinverterResult HypoTestinverterResult class

RooStats::HypoTestResult Base class to represent results of a hypothesis test
RooStats::IntervalCalculator Interface for tools setting limits (producing confidence intervals)
RooStats::MCMClinterval Concrete implementation of a Conflnterval based on MCMC calculation
RooStats::MarkovChain
RooStats::ModelConfig
RooStats::ProofConfig Configuration options for proof.

RooStats::ProposalFunction Interface for the proposal function used with Markov Chain Monte Carlo
RooStats::SamplingDistPlot Class containing the results of the HybridCalculator
RooStats::SamplingDistribution Class containing the results of the HybridCalculator
RooStats::Simplelnterval Concrete implementation of Confinterval for simple 1-D intervals in the form [a,b]
RooStats::TestStatSampler Interface for tools setting limits (producing confidence intervals)

RooStats:: TestStatistic Interface for a TestStatistic

RooStats::ToyMCSampler A simple implementation of the TestStatSampler interface
RooStats::UniformProposal

From $ROOTSYS/tutorials/roostats

. FourBin.C NEW

. MultivariateGaussianTest.C NEW

. Zbi_Zgamma.C Demonstraite Z_Bi = Z_Gamma new

. rs101_limitexample.C ‘Limit Example' RooStats tutorial macro #101 new

. rs102_hypotestwithshapes.C rs102_hypotestwithshapes for RooStats project
. rs201_hybridcalculator.C problem including this file with CINT new

. rs201b_hybridcalculator.C

. rs301_splot.C SPlot tutorial
. rs401c_FeldmanCousins.C Produces an interval on the mean signal in a number counting new

. rs401d_FeldmanCousins.C ‘Neutrino Oscillation Example from Feldman & Cousins' new

. rs500a_PrepareWorkspace_Poisson.C RooStats tutorial macro #500a new

. rs500b_PrepareWorkspace_Poisson_withSystematics.C RooStats tutorial macro #500b new
RooStats tutorial macro #500c  new

. rs500d_PrepareWorkspace_GaussOverFlat_withSystematics.C RooStats tutorial macro #500d new
15. rs501_ProfileLikelihoodCalculator_limit.C RooStats tutorial macro #501

OO NG A WN -

- wh = =
W N -0

. rs500c_PrepareWorkspace_GaussOverFlat.C

-
o~

Search documentation..] Search |

A class that holds configuration information for a model using a workspace as a store

A concrete implementation of ProposalFunction, that uniformly samples the parameter space.

This macro show an example on how to use RooStats/HybridCalculator //  new

Center for ((//

Cosmology and [
Particle Physics '

H4AKE CONFIDENTCE INTERYVALS

el, *P0OI);
= plc.GetInterval () ;

Compare to Feldman-Cousins technique

1z
ampling 1=
mbDataEntries |

c.GetInterval();

(1:

plot(interval);

plot.Draw()

ROOT—> RoOOFIt+—— RO00St:

| Statistical tools built on top of RooF
and distributed in ROOT

I Will be used for the final analysis of
the ATLAS-CMS Combined Higgs
Working Group

James Beacham (NYU)

Hall A Analysis Workshop, JLab, 8 Dec. 2010

APEX 24



